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Chaos Near Its Onset Point

Byon Chol So,' Nobuyuki Yoshitake," Hisao Okamoto,’
and Hazime Mori'

Received November 3, 1983

A one-parameter family of piecewise-linear discontinuous maps, which
bifurcates from a periodic state of period m, (m=2,3,..) to an intermittent
chaos, is studied as a new model for the onset of turbulence via intermittency.
The onset of chaos of this model is due to the excitation of an infinite number of
unstable periodic orbits and hence differs from Pomeau~Manneville’s
mechanism, which is a collapse of a pair of stable and unstable periodic orbits.
The invariant density, the time-correlation function, and the power spectrum are
analytically calculated for an infinite sequence of values of the bifurcation
parameter f which accumulate to the onset point §, from the chaos side
e=f—pf.>0. The power spectrum near ¢ =0 is found to consist of a large
number of Lorentzian lines with two dominant peaks. The highest peak lies
around frequency w = 2n/m with the power-law envelope 1/ ~ (2z/m)|*. The
second-highest peak lies around w = 0 with the envelope 1/|w|?. The width of
each line decreases as &, and the separation dw between lines decreases as
g¢/lne”'. It is also shown that the Liapunov exponent takes the form A ~¢g/m
and the mean lifetime of the periodic state in the intermittent chaos is given by
me~'(ne ' + 1)

KEY WORDS: Burst; ordered motion; turbulence; ergodicity; Perron—
Frobenius operator; eigenfunction expansion.

1. INTRODUCTION

One-dimensional maps provide us with useful models for the onset and the
growth of turbulence.” For example, the quadratic map gives a model for a
system which exhibits period-doubling transitions>* leading to the onset of
turbulence and band-splitting transitions in the turbulent regime.® In fact,
the period-doubling transitions were observed in experiments on the Bénard
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convection.® One-dimensional maps also provide us with a convenient tool
for describing the randomness of nonperiodic orbits on a strange attractor.‘®
Thus one-dimensional maps are useful for studying turbulence. There are two
quantities which give fundamental information on chaos. One is the
Liapunov exponent which measures the degree of the sensitive dependence of
orbits on their initial conditions. The other is the time-correlation function or
the power spectrum which exhibits a measure-theoretical structure of
nonperiodic orbits in phase space. Since turbulence is a chaotic ordered
motion, the power spectrum is indispensable to studying the structure of tur-
bulence.

Many works have been done on one-dimensional maps, but exact
calculations of time correlations and power spectra are only a few. We shall
calculate them exactly for a new one-parameter family of maps which
exhibits a transition from a periodic state to an intermittent choas, and study
its critical phenomena analytically.

The one-dimensional map we shall take is

x; + (1/m), 0<x, <1=(1/m)}

B+ (Umy— 1) (1—(m<x<ty &Y

1+1 fm[}( x)

where i=0, 1, 2,..., and m =2, 3,..., 0 < f < m. This has two parameters m
and B. Let m be fixed. Then a one-parameter family of maps is obtained. If
0< B <1, then the map has one attractive periodic orbit of period m at
x;=0, 1/m,.., (m — 1)/m. If 1 << m, however, the map is chaotic. In fact,
as shown in Fig. 1, the map with § > 1 generates a nonperiodic orbit which
is a sequence of periodic motions of period m interrupted by bursts
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Fig. 1. Orbits x; of the map (1.1) with m=13 as functions of time #: (a) f< 1. (b}

B=0,,=1.114465, (c) f=p,=1.324718. This indicates a transition from the periodic
motion to an intermittent chaos.
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irregularly. Therefore, if § is changed from below to above across f = I, then
the map undergoes a transition from the periodic state to an intermittent
chaos. Indeed the main features of the nonperiodic motions shown in Fig. 1
are quite similar to the intermittent turbulence observed by Bergé ef al. in the
Bénard convection.'” The onset of choas, however, is caused by the
excitation of an infinite number of unstable periodic orbits and hence differs
from the Pomeau—Manneville mechanism, which is a collapse of a pair of
stable and unstable periodic orbits by a tangent bifurcation.®®) Therefore,
the map (1.1) provides us with a new model for the onset of turbulence and
associated critical phenomena. This map will be referred to as ¥(m, B).

The topological structure of one-dimensional maps is characterized by
periodic orbits involved. It is well known that, for continuous one-
dimensional maps, there exists one universal sequence for the coexistence of
periodic orbits, i.e., Sarkovskii’s sequence'?

3F5-TH9 -
F2"X3F2"X5F2"XTH2"X 9 -
22 e = 232 2 (1.2)

where n =0, 1, 2,... and /- j means that if the map has a periodic orbit of
period i, then the map also has a periodic orbit of period j. On the other
hand, for discontinuous maps, such a universal sequence does not exist. Each
one-parameter family of (1.1), however, seems to have a unique sequence of
periodic orbits. In fact, we shall find such a sequence for each of ¥(2, f) and
¥(3,f) in Section 2.

In Section 3, we review a method for calculating the time correlations
and power spectra.!'™!3 In Section 4, we carry out the calculation for
¥(2,8) and Y(3,0) in the chaotic regime. In Section 5, we study the
asymptotic properties of the Liapunov exponent and power spectra in the
vicinity of the onset point = 1. Section 6 is devoted to some remarks.

2. SEQUENCES OF PERIODIC ORBITS FOR ¥(m, B)

It turns out that the one-parameter families of maps (1.1) have the
following sequences for the coexistence of periodic orbits. For ¥(2,f),
(m=2),

1463810k ...
F2n+ 122+ 1)4+2-22n+1) 422+ -2 (2.1)
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where n =0, 1, 2,.... For ¥(3,f) (m=3),

164+
297121015 .-t
F3n4+2F30Gn+2)+3-206n+2)+3F33n+2)+3-2
H203n+2)+3-2-33n+2)+3 -3 3 (2.2)

If B < 1, then there exists only one periodic orbit of period m and it is
stable. If > 1, however, there coexist an infinite number of periodic orbits
and they are all unstable. Near f=m, periodic orbits of all periods are
excited. As f is reduced from m to 1, however, periodic obits disappear
successively following the sequence (2.1) or (2.2) from above. All periods
‘except m disappear at f= 1. This gives the mechanism of the growth of
chaos in terms of periodic orbits.

Table 1. Values of {#,}

n 3 My (m=2) my (m=3)
1 1.6180339887 3 5
2 1.4655712318 5 8
3 1.3802775690 7 11
4 1.3247179572 9 14
5 1.2851990332 i1 17
6 1.2554228710 13 20
7 1.2320546314 15 23
8 1.2131497230 17 26
9 1.1974914335 19 29

10 1.1842763223 21 32

11 1.1729507500 23 35

12 1.1631197906 25 38

13 1.1544935507 27 41

14 1.1468540421 29 44

15 1.1400339374 31 47

20 1.1144648799 41 62

30 1.0854496045 61 92

39 1.0704058850 79 119

“m,=mn+ (m—1)
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Let us consider the subsequence of periods
m,=mn+(m—1) n=123,.) (2.3)

in each of the sequences (2.1) and (2.2). Periodic orbits of period m,, exist if
and only if 8 > B,, where f§, is the positive root of the algebraic equation

grtt—pr—1=0 (2.4)

For several n’s, f, is tabulated in TableI. The {f,} is a strictly decreasing
sequence to ., = 1.

The minimal orbit of period m, is a periodic orbit of type
(L™ 'R)"L™ *R, where L and R indicate periodic points on the left and the
right branch of (1.1), respectively. The 5, is the value of # at which this orbit
passes through the vertex x,=1—m~'—¢ (¢>0,) so that

ffn"fﬁ_l)(l) =Xy fm,B(xv) =1 (25)

in the limit € >0, where f” denotes the ith iterate of f. This orbit also
passes through the point f{}’(1/m), where /¥ denotes the inverse of f.
Figures 2a and 2b show such orbit of period 5 of ¥(2,8) and of ¥(3,5),
respectively.

The subsequence (2.3) will be called the main sequence. We shall

calculate the correlations and spectra at §=pf,, where (2.4) gives

1/n=1nB/|In(8 — 1) (2.6)

3. CORRELATIONS AND SPECTRA

Let us consider an orbit {x;} generated by a map f{(x);

xi:f(xi—l):f(i)(xo) (3.1)

where £ (x) = f(f“~"(x)). Let us assume that f(x) is ergodic in the interval
I=0, 1], which is satisfied by the map (1.1) in the chaotic regime g > 1.%¥
Then, for almost all initial points, the orbit {x;} is nonperiodic and covers I
densely so that the long-time average of a function g(x;) can be replaced by
the space average as

(80 = dxP(x) g(0)= im + > g(x) (32)

where P*(x) is the invariant density independent of x,. The invariant density
satisfies

(HP*}(x) = P*(x) (33)
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Periodic orbit of period 5 for the map (1.1): (a) m=2, §
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in terms of the Perron—Frobenius operator H,
1
(Hg0)=[ b —f) = S g G (4)
yisfyd=x

where the summation is taken over all y/’s satisfying f(y;) = x. Equation
(3.3) indicates that the invariant density P*(x) is the eigenfunction of H with
eigenvalue unity.

Let us now consider the time-correlation function

Clem)=({g(/PNh(x)  (¢=0,1,2,..) (3.5)

It is convenient to introduce a modified Perron-Frobenius operator H by *?

(8)() = s (HE*) () (3.6)
Then (3.5) can be written as
Cdg h)=(g|H') 3.7
where
(glhy= | dx P*(x) ) () (39)

In particular the normalized time-correlation function of nonperiodic orbits
takes the standard form

_ C(0x,6x) (ox|H'6x)

4= Co(dx,0x)  {dx|6x)

(t=0,1,2,.) (3.9)
where dx = x — (x).
Let y,(x) be the eigenfunction of H with an eigenvalue v,;
Hy,=vy, [1=0,1,2,. (3.10)

which is related to the eigenfunction of H by H(P*y,) = v,(P*y,). Since f(x)
is ergodic, v, =1 is nondegenerate with w, being a nonzero constant.""
Furthermore, '

<1, wEl {y)=0 for I>1 (3.11)

This enables us to expand dx = x — {x) in terms of y, as

dx="Y by, (3.12)
=1

822/36/3-4-6
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Then we have H'0x =Y, b,viy,. Therefore the correlation function (3.9)
takes the form

byt (t>0) (3.13)

8

étz

li

1l
—_

where b, =b,(x|y)/{0x|6x), Y, b,=1. Therefore & 1is obtained
analytically if one can find the eigenfunction expansion (3.12). Such simple
examples were given elsewhere.!?

In order to define the power spectrum S(w), let us introduce

0X(w) = i Ox, exp(—iwt) (3.14)

Then the Wiener-Khinchin theorem leads to

L (oty@y= 3 &explion (3.15)

1 )
@)= T A W ) R

which has the following properties:

S(@)=S(~w), S)=S(w+2m), {1/Qn) j T S(@)dw=1
(3.16)

where 7 is an integer. Using £_, = ¢, and (3.13), we finally obtain

S(w) = [IOO b/{1 — v, exp(—iw)} + c.c.] —1 (3.17)

=1

Since v; = |v,| exp(iw,), each term of (3.17) gives a Lorentzian spectral line at
w = w, with a width y,=—In|v,|.

There are, however, three anomalous cases in which the line shape
deviates from the Lorentzian. One is the degenerate case where more than
two eigenvalues become identical.'" The second is the critical case where
the damping constant y, (/ # 0) become zero."*'? The third is the case
where the shape of the envelope of a large number of Lorentzian lines
becomes to obey a power law. In fact the last two cases occur in our map
near the onset point § =1, as will be shown later.
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4. CALCULATION OF THE CORRELATIONS AND
SPECTRA FOR ¥(m, B)

A method of calculating the autocorrelations {¢,} and the power
spectrum S(w) will be summarized by taking ¥(3, ), which may be written,
for §> 1, as

(x4 (1), 0<x<23)
BO= lpe—m)  @a<x<n) @b
Let us take f=f,. Then (2.5) leads to
e =1 (n=1,2,3,.) 4.2)

and there exists a periodic orbit of period 3n + 2 which passes through the
vertex. The coordinates of this cycle are denoted by {p,, Dys-.s P3,42} With
P; < Diy1- As shown in Fig. 2, the cycle divides the total interval I = [0, 1]
into 3n 4 2 subintervals {/;} given by

Ii=[pi_1s Pi)s i=1,2,3,.,3n+2 (4.3)
Do=0, Pnv1=5/3, Pans2=Pns1+(1/3)

p1=ﬁ(ﬁ—1)/3s pn+2:p1+(1/3)s p2n+3=pn+2+(1/3)

Pa=B"B=1)3=1/3, pPror1=P,+(1/3)=2/3, Psps2=Pans:1+(1/3)=1

(4.4)
It should be noted that 1/m = p, = f,, s(P, 1) for any m.
We define the characteristic functions of the subintervals
1 if xelIl,
E(x)= P j s 2yeens 2 .
(%) 0 it xel, ie{l,2,..,3n+2} 4.5)

where }7"1? E(x) = 1. Substituting (4.1) into (3.4), we obtain

1 n 1 1 2 n+1
{HGi(x)=G (x - -—) [l—— z E,-(x)] +— G[—— (x + ~ﬁ>] [ Z E,-(x)}
3 =1 B LB 3 b
(4.6)
for any function G(x). This leads to a closed flow of the subintervals
HE,=E, ,+E,,,, HE;=E, (2<i<2n+1);

1 (4.7a)
HE,, «=B""E,_, 2<kgn+2)
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which can be summarized in the matrix form as

(B EET 17 &
E, [ 1 | E,
. [ I :

. | N | s
E, | 1 E,
—— | - — b | I, N

I \
En+1 ! | 1 En+1
En+2 : ; 1 En+2
" A | i :
E2n : : 1 E2n
Eonia l | 1 Eangs
U Lo — o - [
_ |
E2n+2 ﬁ ! j [ E2n+2
E2n+3 IB_I : l E2n+3
. | |
E3n+1 ﬁ_l} : E3n+1
-1
LE3n+2d L L | i [_E‘anw~
(4.7b)

Any subinterval flows into subintervals, covering each of the subintervals
uniformly. Hence the invariant density P*(x) must be a step function given
by a linear combination of the characteristic functions E,(x) as
In+2
P*(x)= Z a;E,(x) 4.8)

i=1

Since HP* = P*, the coefficients {a;} are found to be

a1 =Ap, Ay =AB
a, =4, an+2:A’ a2n+3:A
‘Zz:AﬁWI’ a,,H:Aﬁ", a2n+4:Aﬁ71
a;=Af7?, Qpye=AB77 Arpys=AB?

CZHZA,B_’HI, a2n+1:A,B_n+1, a3n+2=AIB~n+1 (49)

where 4 =3/{(8— D[(Bn+2)(f— 1)+ 3]} from the normalization. This
leads to the following average value of x;:

)=/ +{6+C-HE-1Y6{Grn+2)F— 1)+ 3} (4.10)
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Hence (x) - 1/3 as f\, 1, where (2.6) has been used. The invariant density
P*(x) is shown in Figs. 3a and 3b for ¥(3, 5,,) and ¥(2, 8;,), respectively.
The invariant density P*(x) consists of m, steps, where m,, is given by (2.3)
with m =3, 2. It is remarkable that P*(x) has m peaks around the periodic
points x; =0, 1/m,..., (m — 1)/m.

The Liapunov exponent A" turns out to be

b=l = (gnntrlz))(é}__ll)):ls

In order to obtain the eigenfunction expansion of dx, it is sufficient to
take the 2(3n + 2)-dimensional vector space spanned by the bases {E,, xE;;
i€ {1,2,3,.,3n+2}}. Let us introduce the column vector

e=(E, By Eyy y, XE |, XE )y XE5, )T (4.12)

Ing 4.11)

where the superscript 7 indicates the transpose. Then the modified
Perron—Frobenius operator H is represented by the (6n+4)X (6n+4)
matrix M defined by He = M7 - e. The matrix can be calculated from (3.4),
(4.6), and (4.8) in a straightforward manner and turns out to take the form

M M
M:[ ! ”] 4.13
My, M, (*13)

My=MQ1, LA™ B"), My, =M(2/3,—1/3, —f71/3, 28~ 1)3)

M, =M(0,0,0,0)=0, My,=MPEB 1,378~ (4.14)
in terms of the (37 + 2) X (3n + 2) matrix
- | (U 1
| [
| |
\ ! u n
S L
| \
X I \ y n+1
v | :
|
M@u,v,x, y)= : [ (4.15)
v# : 2n+1
e R o
| v ‘! 2n+2
f
0 |
\ I
L { v: ] Jn+2

where the unspecified elements are all zero.
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Fig. 3. Invariant density of the map (1.1): (a) m=3, f=p,,=1.114465, (b) m=2,
B =By, = 1.070406.
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The eigenvalues v, of M are determined by det(M — vI) =0, i.e.,
det(M,, —vl)=0=p>"*t2 =Yyl _pg-(+1) _g (4.16a)
det(M,, —vI)= 0=y’ — g 2p¥~1 =20t — g (4.16b)

where [ is the unit matrix. It follows from (2.4) that (4.16a) has one positive
root v=v,= 1, representing the eigenvalue of the invariant density. The
roots of (4.16a) are denoted by {v;}, (i=0, 1,...,3n + 1), and the roots of
(4.16b) by {v;} (j=3n+ 2+ ). The eigenvector &; of M with an eigenvalue
v, (=1, j), turns out to be

a; = [i'] forv, [j’] for v; (4.17)

i J

in terms of the (3# 4 2)-dimensional vectors,

i 1] (O— 1
-3
v; 0
v 6 0
p7 3= 0 n
v} 0 n+1
y! 0
vt 0
5= v’ , =10 |=0, (4.18a)
y; 32 0 2n+ 1
V; 0 2n+2
v 2 0
v, ? 0
;¢ 0
[yt | [ 0 3n+2
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s;={1/(34,)}

- ﬂ—(2n+l) —1 - 1 ] 1
ﬁ—(2n+1)vj~3 ’ (ﬂv;)—l
ﬂ-(2n+l)vj—6 (,ij-)‘Z
ﬁ—(2n+1)'vj—3(n—1) (ﬁv}):—(n—l) n
vi[B= MY — fA;] pvi n+1
vl B — B0 Br(py) !
v O — 4] Bo(pv}) 2
x| =) = BT
vj—3n+2[,3—(2n+1) _ﬂ—(n~1)Aj] ﬁv}(ﬁng)—n 2n + 1
y[B~ e — 284 B, 2n+2
vj—Z[IB~(2n+1) _ ZIBOAJ] ﬂvj(ﬁv; -1
V;S[ﬁ_(z'”l) _ 2,8—1/11'] ,ij(ﬂvj? -2
vy fAT Y — 26774 Bry(Bri)~
Lv173n+l[ﬂ—(2ln+l) _ zﬁ—(nfl)Aj]_ L:ij(ﬂv; —n_ 3n+2
(4.18b)

where A, =v}"*? — =y}t —ﬂ*(”‘” =B —DEF "+ 1).
The relevant eigenfunctions of H are given by the inner products of a,

and e. Therefore we obtain
wi=af-e  (I=i)) (4.19)

where the superscript T indicates the transpose and y,= 1. As shown in
Appendix A, we have

3In+1 In+1

0,0,.,0, 1, Ly )= 5 byal + > bja] (4.20)
i=0 i=0
where j=3n+ 2 +1i, and b;, b; are defined by
by=(x) 4.21a)

BElry 472+ 75l

T T (U A P B A N e
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- v;)~!
rLEefT = (A4 p7%) I:l_;fr?’l)—l]
. v,
ra=eB v =By M A, + B (1 “E)J—l—l‘)
7
+,B-1V-_2A‘—1_‘—
R A i

V.
= = ) (1 )

1
27—
MR ST,
Ai5v3n+2_ﬁ—2v?n~l _IB—Z(n-H) =B_2(ﬂ_ 1)(vl§n—1 + 1)
82,8_2

bj: (1 _ﬁvj}){(:;n — 1)(1 _ﬂ—zvjw3) + 3} (421(:)

with ¢ = f§ — 1. Hence, using (4.20), we obtain the eigenfunction expansion

Iin+2
dx= N xE,—{x)=(0,0,.,0, 1, L., 1) - e — (x)

i=1

3n+1 3n+1
= N b+ > by, (4.22)
i=1 i=0

where the (x) term canceled out the i =0 term due to (4.21a). This gives
(3.12) with the explicit expressions (4.21) for b,.
Therefore the correlation function C,(dx, dx) can be written as

3nti 3nt+1
C(dx,0x)=(ox|H'dxy= > Bpi+ > B! (4.23)
i=1 i=0
B =b(x|w)=bSx|aj e (I=14)) (4.24)
where
(x|al -e)= ! X+Y+Z 4.25
! _6[(3n+2)5+3]( ) (425)
o =3y(n—1)
X=eBB+ 1)1 +v; '+ 1),-‘2)~——————1 (vﬂav’_ﬁ),
_ y-3m=1)
Y: 261’;1(1 + zvl—l)l—_av_l_l—
V; —

i

Z=pv{B+ Dy, + B+3) +elf+ B+ Dy '+ (B° + 377
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Ry +R) (4.262)
—B?
18(1+ 9" 1)[(3n+2)8+3]( 1Y+ Z) (4.26b)
L= @H™?
[ﬁ+6(,8+1) - ]

=evy [+ 1)) + 6718 + 1)

+ By v B+ B) + e(B + 1))

1 — (By=3)—D
T
J

—3(n—-1)
-3
1—v;

1
+ 2B+ 1AM+ v vyt

—3n-1)
1 —v;

2p—1,,—4
+2e* 67 y; =

1 _ (ﬂ—lvjv3)n—1
1—p" ;i
CH(B 4 3)v] + BB+ 3)]
+ 28731+ v Y v v BB + 3) + e(B + 3)]

1 — (ﬂvj—3)nA1
1—pv;?

+ 26731 + v} vt

+&’B+ vy ?

+2e2B+ D)1+ v v

_pr3m-1)
1 —v;

-3
1 —v;

+ 4t ?

] — (ﬁ—lvij)n~l

+8eB7°(1 +vi" Yy ? 7
J J l—ﬁ lvj 3

1

TGt De 3] Tt L) (4.26¢)

“62ﬁ3 +83ﬂ(8 +3,B) (ﬂv73)n !

v],/}
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Y, =p%;(e* + 3p) + ev; '[e* + 38(1 + Pe)]

1 - (ﬂvij)n—l
3

+ &°B(e* + 38)v; ! pp;

+ 371+ pvj ————

Z,=B%,[e* + 6(B+ 1)] +ev; [e* + 3(B + 1)(2 + pe)]

] — V'_3 n—1
t e+ gy LG
1——(ﬂ_117~_3)n_1
+ 12¢f7 vy % - S
ﬂ J vji}_ﬁ 1
~3(n—1}

1 —v;
46214 gy L
v; — 1

Equation (4.23) gives &, = C,(dx, dx)/Cy(dx, dx) explicitly in terms of v, and
B. The eigenvalues v, are obtained by solving the algebraic equations (4.16)
numerically fo f#=pf,. The normalized correlation function &, thus obtained
is shown in Fig. 4 for several cases. The fundamental period observed is
T,=m (m=23).

The power spectrum S(w) is given by (3.17) with b,= B,/{dx|x),
which is shown in Fig. 5 for several cases. It is remarkable that, near § =1,
S{w) consists of many lines with two peaks; the highest peak around
frequency 2, =2n/m and the second-highest peak around w=0. The
number of lines observed in the region 0 < w < 27 is m, — 1, and they are
nearly equally spacing. As B\, 1, the number of lines increases as
m,~me 'Ing' (e=B—1), and both of the two peaks are further
enhanced.

The map ¥(2,f) can be treated similarly to the above. The results are
summarized in Appendix B. The normalized correlation function &, and the
power spectrum S(w) can be calculated from (B13) and (B9). Their explicit
forms at § = f,, = 1.070406 are shown in Fig. 6a and 6b.
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Fig. 4. Time correlation of the map ¥(3,5): (a) f=4,, (b) B=5,, (c) B="F3-

5. CRITICAL PHENOMENA NEAR THE ONSET POINT 8 =1

As BN\, 1, (2.6) leads to n~¢~'lneg~" for e=f— 1< 1. Then the
Liapunov exponent (4.11) reduces to

A~¢g/m (m=2,3) (5.1)

The relevant eigenvalues of H satisfy (4.16), which can be generalized
for arbitrary m as

i Bl D 2 0,y fRye T fH =0 (B=,) (5.2)
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Power spectum of the map ¥(3,6): (a) B=8,, (b) =5, (c) B=Fs,.
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where j = m, + i. The eigenvalues {v;} and {v;} for m =3, m, = 92 are shown
in Fig. 7 by the asterisks and the circles, repectively. All the eigenvalues
except v, = | lie inside the unit circle. Two eigenvalues of the second-largest
magnitude are observed around arg = +27/3, which are denoted by v, and
v, respectively. Indeed we have |v, | = 0.998637, arg v, = (27/3) + 0.016795.
Using the argument principle and Rouche’s theorem, we obtain, for n > 1,

Bt <l <1

Hence limg ; |v;|=limg\  |v;| = 1.

(i#0)

B! < v <pym

(5.3)
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Fig. 6. (a) Correlation function and (b) power spectrum of the map ¥(2, B) with f=f;, =
1.070406.
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Fig. 7. Eigenvalues of the Perron—Frobenius operator for ¥(3, f,).

We now discuss this approach in more details. Let us define frequency
w,; and damping constant y, by

v, =|v,| exp(iw;) = exp(—y, + iw,) (54)

for =1, j. As observed in Fig. 7, the eigenvalues are nearly equally spacing
and w, may be approximated as '

w,~w!=2zi/m, (i=0,1,.,m,— 1) (5.5)

near f=1, where we have numbered v, in such a way that 0 < w, <
Wy, <271, 0L w; < w;,, <27 As shown in Appendix C, we obtain

7~ (1/6n) In{1 + 28 ~*(1 — cos 3w,)} for m=3 (5.6)
If w, is kept a constant, then this reduces to

yi~(1/3n)Ing~t ~¢/3 (5.7a)
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If the number i is fixed, then

_@a?/3)e/ne" 1)), if i~0
W a3 e/ine- Y] li— (n+ 1)+ (D) i ient1 OO
vy~ (2n%)/(3ne™"), fori=n+1 (5.7¢)

with the corresponding frequency w; ~ 27i/(3n + 2). These indicate that each
of the spectral lines undergoes the critical slowing down. Equation (5.5)
indicates that the separation between the spectral lines is given by

Aw ~2n/m, ~2n/me " Ilng™’ (5.8)

As shown in Figs. 5c and 6b, the power spectrum consists of m, — 1

- spectral lines, which are separated by 4w approximately. Each of these lines

is produced by each of the eigenvalues {v;}, i # 0. The spectral lines of v; and

v; overlap each other. The contribution of v;, however, becomes zero rapidly

as ¢ —» 0 and is already negligible in Figs. Sc and 6b except w; = 0. Then the
power spectrum (3.17) takes the form

mpy—1

S@)= Y S(0)+S, (5.9)

where S, is a background spectrum. The height of the spectral line of v; is
given by
B

28,
SH0D = e Tanyy,

(ri<1) (5.10)
where (x| 0x) = Cy(0x,0x) ="' B,. The highest peak around
0,=2n/m is produced by the eigenvalue v, and its neighbors whose
damping constants y; are small. These represent the motion of nonperiodic
orbits in the neighborhood of the periodic orbit of period m, where the
invariant density has dominant peaks as observed in Figs. 3a and 3b. The
second-highest peak around w=0 is produced by the -eigenvalues
neighboring on v, = 1, whose damping constants y; are as small as those of
the neighbors of v, . It seems to be a general feature that the main structure
of the power spectrum is thus characterized by the periodic orbit whose
period is least among periodic orbits coexisting. '

We next consider the envelope of the highest and the second-highest
peak, which is given by the w,; dependence of (5.10). Equation (5.6) reduces
to

{32y e, if o] < e

G20 |w, - a3/, i jw,— Qn/3) < (5.11)
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As shown in Appendix C, B, is asymptotically given by

~ 1/971282, if ]wtl <¢
" 31/92’12]('()t'~(27z/3)|29 if](l)i—(277:/3)’<8 (5'12)
Inserting (5.11) and (5.12) into (5.10), we obtain

Sy~ 31/lw,-)2, if o] <& 513)

Yoy— @3, i |, — Qu/3) <e

Since &/dw ~Ine ' oo as - 0, there exist a large number of spectral
lines within a width of order ¢. The envelope of these lines obeys (5.13).
Therefore it turns out that the envelope of the highest peak obeys the power
law 1/|w — 2,,|* asymptotically, whereas the envelope of the second-highest
peak obeys the power law 1/|w|? It also turns out that the highest and the
second-highest peak are enhanced as ¢ '(Ine¢~')* and ¢ 'Ilne™', respec-
tively.

We next discuss the asymptotic form of the time-correlation function &,
shown in Figs. 4c and 6a for m = 3, n =30 and m = 2, n = 39, respectively.
The main features of the time-correlation function consist of the following
two components: a rapid oscillation with period m and a slow modulation of
the amplitude with a long period around 125 and 104 for m =3 and m = 2,
respectively. These long periods are significantly different from the periods
m, of the basic cycle (L™ 'R)"L™’R introduced in Section 4, ie., m, =
mn+m—1=92 for m=3, n=230 and 79 for m=2, n=39. The two
components will be shown to arise from the complex-conjugate pair of the
second-largest eigenvalues,

v, = exp{+i(Q, + D) — .} (5.14)

where 2, =2n/m, @, =0.016795 and 0.030328, and y, = 0.0013637 and
0.0030946, for m =3 and 2, respectively. The contribution of (5.14) to the
time-correlation function is given by the i = L term of the sum (4.23) and its
complex conjugate;

2B, exp(—y, t) cos[£2,,(1 + §)¢] (5.15)

where we have introduced the ratio § = &,/£2,, as the quantity analogous to
the misfit of incommensurate crystalline structures.® If one neglects the
misfit §, then this leads to a simple damped oscillation with period m. The
small misfit § produces a slow modulation of the amplitude whose period is
given by T, = 1/4 = 124.70 for m =3 and 103.58 for m = 2 in agreement

822/36/3-4-7
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with the observed periods 125 and 104, respectively. Its asymptotic form is
given by
Tomp = 2,,/O, ~me"(Ine " + 1) (5.16)

Thus the two fundamental components turn out to arise from the eigen-
values (5.14).

However, it can easily be seen that the function cos{2,,(1 + §)¢} of
(5.15) oscillates symmetrically in the positive and the negative direction as
time ¢ proceeds, and (5.15) never leads to the asymmetric behavior observed
in Figs. 4¢c and 6a. This asymmetry can be obtained by adding the third-

1 t

1

Ig.u:I!HNHh!Hmwnii‘;!”}!,l:H“"H!l“!i!mlil;iim!.--u_l'-.I@ii»"iif?i’:!“lii“l'-liila'!li.:.n.é

0

P e o L R e T

ik _ i
i I;1||[;I||“||H|”|||HI|I|!1|I| It |"'i!!“ii:‘j!!|‘u""" i

0 150 300

(b)

Fig. 8. Time-correlation function ¢, calculated from (4.23) by taking only first the two
largest eigenvalues (5.14) and (5.17). (a) m =3, f =By, (b) m=2, f=fy,.
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largest eigenvalue which is given by the nearest neighbor v, of v, for m =3
and by the nearest neighbor v, of vy =1 for m = 2:

v, = exp|i(£2; — 0.035230) — 0.0047066
v, = exp[i X 0.065083 — 0.0091787] (5.17)

The time-correlation function thus obtained is shown in Figs. 8a and 8b,
and turns out to reproduce Figs. 4c and 6a quite well. Thus it can be
concluded that the main features of the time-correlation function are deter-
mined by the first two largest eigenvalues in (4.23), which correspond to the
highest and the second-highest spectral line of the power spectrum S(w).

The periodic state of the map is interrupted when and only when the
orbit visits the subinterval I;,,,. Therefore the mean lifetime 7, of the
periodic state is equal to the mean recurrence time of the subinterval /5, ,.
As shown in Appendix D, this leads to

Toer =3{Ine /In(1 + &) +&7 "} +2 (5.18)

at = f,. Hence we have 7, ~ 3¢ '(Ing "' + 1) near §=1.

It should be noted that the Liapunov exponent (5.1) does not scale as
Tper- Phenomenologically the Liapunov exponent of a map can be approx-
imated as follows. Let an orbit of a map visit the expanding region of the
map n times in the mean recurrence time 7, and the average slope of the
map in the expanding region be a. Then the Liapunov exponent can be
approximated as

Al

per

log a (5.19)

For our map n=(r,,/3) and a =1+¢ so that A ~¢/3, whereas for the
tangent bifurcation # and & do not depend on ¢ so that A scale as 7,

6. SOME REMARKS

The time correlations and power spectra of one-parameter families of
discontinuous maps which bifurcate from a periodic state of period m,
(m =2, 3) to an intermittent choas have been calculated for a sequence {f,}
of values of the bifurcation parameter § which accumulate to the onset point.
Since the time correlations and power spectra may be assumed to be smooth
functions of f except at critical points, the results obtained are valid for other
values of f§ lying closely to {f,}. On the basis of this, the asymptotic
behavior of an intermittent turbulence near its onset point has been clarified.

Thus it has been found that the spectrum consists of a large number of
Lorentzian lines with two dominant peaks, as shown in Figs. 5¢c and 6b. The
highest peak has the envelope 1/|w — (2n/m)|*, whereas the second-highest
peak has the envelope 1/|w|% It should be noted that the exponents of the
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envelope, 4 and 2, seem to be universal, irrespective of details of the
model.!® Since this is one of the most important characteristics of the inter-
mittent turbulence, it is highly desirable to have experiments on the power
spectra.

The onset of chaos of the present model is caused by the excitation of
an infinite number of unstable periodic orbits accompanied by the instability
of a periodic orbit of period m. Therefore the topological entropy changes
from zero to positive at the onset point. This is quite different from the
Pomeau—Manneville model which represents the transition from a window of
period m to an observable chaos by a tangent bifurcation so that the
topological entropy is already positive before the onset. This difference
brings about differences in critical behavior. For example, in the Pomeau—
Manneville intermittency, the mean lifetime of the periodic state is given by
Toer~ € ¥V where z is the exponent of the map in the vicinity of the
tangent point.”? For piecewise-linear maps, this leads to 7, ~Ine™" in
contrast to the present model 7, ~& '(Ine~" + 1).%* Furthermore, the
power spectrum seems to have one dominant peaks around w = 27/m with
the envelope 1/|w — (27/m)|* in contrast to the present model.*®

It shouid also be noted that the tangent bifurcation at the origin could
exhibit a different behavior since a fixed point at the origin represents a
steady state.“"®

The motivation of studying simple maps like (1.1) is to know what can
happen in the simplest possible maps. This is because even the simplest maps
are very rich in variety of phenomena, and simple one-dimensional maps
appear to describe a complex physical system, as noted in Section 1. The
physical basis for this is the reduction principle that real macroscopic
systems actually reduce in dimensionality.

Therefore, there arise two basic problems. One is to find a general
sufficiently fine to predict all possible types of the onset of chaos and
critical phenomena. The second is to find an analytic method for treating
their correlations and spectra.”*'” If a map f is not piecewise-linear,
as the quadratic map f(x)=4ax(1 —x) and the torus map f(0)=
0 + (k/27) sin(270) + r, then the relevant vector space for the eigenfunction
expansion of dx is of infinite dimensions, and a new technique is needed for
finding the eigenfunction expansion explicitly.
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APPENDIX A. DERIVATION OF (4.20) AND (4.21)

393

Let ‘a; be the left eigenvector of M with eigenvalue v, and X =
(,0,..,0, 1, 1,.., 1)7. Let us expand X in terms of the eigenvectors a;

3In+1 In+l
X= Z biai+ Z bjaj
i=0 i=0

and operate “a, from the left. Then we obtain

La, X=b,"a,- q
where we have used “a, - ;=0 if k # L This leads to
by=("a; X)/("a; - )

The left eigenvectors are given by

where
’—— 1 - , " ﬁ—(2n+1) T
Ni ﬂ~2nv[»3n+lri
VZ?NI. ﬂ—(Zn—l)vi—3n+4I-vi
N, BT,
v Vi
vi—2Ni IB—(2n+1)vi‘3n—l(Iﬂi+anAi)
v, N; B2+ A,)
Bsp=| viNG |, F=(1/34y) | BT Ve (T4 A))
;" N, By I+ pAy)
vi_l V;l(ﬁ_z(n+l)+2/1‘-)
vi 'N; B Dy NI 4267 4,)
viN, By L4268 4,)
N, By 25
B vi" 4N, J B Vv (I +284,)

(AD)

(A2)

(A3)

(Ada)

n+1

2n+1

2n+2

3n+2
(Adb)
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0] I 1 ] 1
0 N,
0 BN
0 (Bvi)" N, n
0 B vt n+1
0 Bv})~'v;N;
0 v, N;
;= 10]=0, ‘= BvHvN; |,
0 (Bv3)"~*v;N; 2n + 1
0 Byt 2n+2
10 (Bv})~'viN;
0 viIN,;
3y ,,2
0 (Bvi)viN;
| 0 | | (Bv))"?ViN, | 3n+2

(Adc)

where N_:ﬁ*(n+l)v73n+l N_:ﬂ~(2n+1)v'~3n+1 .= v?n+2 _ﬁ~2v§n—1 Ai —

i i s AV = j s 4 j = i ’ =
pIntt_priyin=l g2+ - A straightforward calculation of (A.3) with
(A.4) and (4.17) leads to (4.21).

APPENDIX B. RESULTS FOR ¥(2, 8)

Consider the ¥(2, ) map

x+(1/2) 0<x<1/2)
Blx—(/2)},  (1/2<x<1)
At = f, there exists a periodic orbit of period 2n + 1 which passes through

the vertex. This cycle divides the interval = [0, 1] into 2n + 1 subintervals
{{,} given by

Sa,p(x) = (B1)

Ii:[Pi_laPi], i=1,2,.,2n+1

pOEO pn+1:ﬁ/2
pi=pB—1)/2 Pny2=D1+(1/2)

Pa=BB—1D2=1/2  prer=pot (D=1 (B2)
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Then, instead of (4.6), we obtain

161 =612 1= ¥ B+ 4766w g0 Y B

iz1
(B3)
This leads to a closed flow of the subintervals

HE =E, +E,;, HE,=E, ., 2<ign);

(B4)
HEn+k:ﬂ“1Ek—1 (I1<kgn+1)

It follows from (B4) that the invariant density P*(x) is given by
n+1

P*(x)= Y a;Ey(x)

i=1
i =APT (j=1,2.,n+1) (BS)

where 4 =2/{(# — 1)[(2n + 1) 4+ 2]}. This is shown in Fig. 3b for n = 39.
The Liapunov exponent turns out to be

Lo+ DE-D+1
T @n+DB-1)+2

a;=Ap"" (i=1,2,.,n), a

In 8 (B6)

The relevant matrix representation M of H becomes

M:[Mll MIZ:I

M21 M22
My =M1, 1,707, My =M(1/2,-1/2,-87/2, ="+ V/2)
M,,=M(0,0,0,0)=0, My, =M@B 1,5~y  (BT)
in terms of the (2n 4+ 1) X (2n + 1) matrix

—

v
!
|
|
!
v
|
M(u,v,x, p)=|x : v, n+1 (B8)
|
r
|
|
I
|

| 2n+1
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The eigenvalues v, of M are determined by
ptl_pglpin=l gD — (i=0,1,..,2n)
vj;n+1__'8—2v}n41_ﬁ~2(n+1):0 (j:2n+1+i)

The eigenvector a,; of M with eigenvalue v;, (I =1, j) is given by

a,= [Sl , for v, (I=i )
f ]
( I ( 07 1
p? 0
pi 4 0
py 2=t 0 n
5= v; . =101, n+1
;! 0
;3 0
v’ 0
Lvi_2n+lJ LO_A 2n+1
s;=1{1/Q24;}

i B~(2n+1) . [‘ i 7
ﬂ—(2n+1)vj—2 (ﬁV})Al
/3—(2n+1)vj—4 (Bv})—z

ﬂ7(2n+1).vj~2(n~1) (ﬂv}).—(n~l}

X vj{ﬂ4(2n+1) —‘ﬁ/lj} s tj_—: 'ij s
v BT — A,) ByiBvi)~!
vj—3{ﬂ—(2n+l)_ﬁ~1/1j} ij(ﬁvj?‘.)fz
v;S{ﬁ~(2n+l)_ﬁ—2Aj} ﬂvj(ﬁV})_3

_vvj—2n+l{137(2n+1)_ﬁf(n—l)Aj}J _,BVj(ﬁVJZ-)An ]

where A; = —*(f — D)(v;* " + 1).

(B9a)
(B9b)

(B10a)

(B10b)

n+1

2n + 1
(B10c)
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The relevant cigenfunctions of H are given by the inner products of ¢,
and e;

yi=af-e (I=i}) (B11)

where e =(E,, Eyp, Ey,1s XE |, XE; ., XE,, )7 Then, instead of (4.21),
we obtain

by=00) =1/ +[4+2=HF - DI/4@Qn+ DE-1)+2] (Bl2a)

bi=pr i+ /200 v D@ — 1) =7 v7?) + 2] (B12b)
—p-l._ (4 2,2 _(/8":')1]
=l — g [1- 30
. 1
o ep-2y—l_p-ly-log | p-202 W —ly-iyg
o= BT B U 67 (1 ﬁv?_l)w T
A, = V2n+1 ﬂ 2 2n 1 ﬁ 2(n+1) _ IB _ 1)(vgn—1_ 1)
EZﬂ—Z
b, = BlZc
A=A — D —F % 9+ 2] (Bize)
Thus it turns out that the time-correlation function takes the form
2n 2n
C(0x,0x)= > Byvi+ > B! (B13)
i=1 i=0
where j=2n + 1 +1 and B, B; are given by
Bi=b(x|aj-e)  (I=1i,)) (B14)
(xlaf -e)= ! X+Y+Z B15
O [an s De v KT } (B15)
—~1yn—1 ] —p 2n=D
—azﬁ(ﬂ+1)(1+v“)_—_—__(ﬂv Y hal
v;i—pf vi—1
Z=pB+ v, +¢[f>+ (7 + Dv; ']
(x|aj - e)={R; +R,} (B16a)
-2
X, + Y, (B16b)

R, =
8(1 + v~ HI2n + 1)e + 2]
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=ev; B+ 1)v} + e/f‘l(ﬁ2 +1)]
+B7 (1 + v}"‘l) vi BT+ B) + e(B® + 1]

—2\u—1 =2(rn—-1)
3 s 1= _—31“"1'
+e(B+ 1)y; -——~————1 B B+ 1)A;v; ——
1 v—2(n 1) 1—-(3_1‘7-_2)"_1
2 2p—1 73 J __2 lA J
+2667; 1—vy;? A 1—p" 1y ?
1
R,= X,+7Y B16
2 12[(2n+1)6+2]{ 2+ 2} ( C)
v-—2 n—1
X, =8 + £°B(e? +3/3)~—(*B7)—
.l

= B%v,(e* + 36) + ev; '[e* + 3B(1 + fBe)]

1 — —2yn—1
+otpe + g A
7

i-B
L 1—‘(ﬂ_l‘7'_2 n—1 B l_v—l(n 1)
+ 38ﬂ lvj 1 v} __ﬁj—l + 362(1 +/3)vj 1‘-?:1———

APPENDIXC. ASYMPTOTIC FORM OF y,AND B, NEAR 8 =1

First we discuss the asymptotic form of y,=—In|v;. Substituting
v, =r; exp(iw,) into (4.16a) and then taking the real part, we obtain

r=1(r}cos 3w; — B~ 1) cos(3n — 1) w; — r} sin 3w; sin(3n — 1)w,]
=8B 1) (Cla)
Taking the imaginary part, we obtain

r3=1[r? sin 3w, cos(3n — 1), + (r} cos 3w; — ") sin(3n — N w,] =
(Clb)

Taking r; =1 in (Cla) and (C1b), we obtain

P20 o B-1) (C2)
i T B%+1—28cos 3w,
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which leads to

Vi In[1 + 2B(1 — cos 3w,)/( — 1)’] (C3)

1
- 2(3n—1)
We define @, by

w;, if w,~0

C4
w; — 27n/3, if w;~2n/3 ©4)

If |, < e=p8—1, then (C3) leads to

Y ~3|d;%/2ne* (n~e¢ 'lne”') (C3)

Next we discuss the asymptotic form of B,. Equation (5.4) leads to

b~ 1~y +iw,;, if w;~0 (C6)
A1+ 5)2)(L =y +idy),  if wy~27/3
Then it is straighforward to obtain
1/3ne, if |w;|<¢
b, ~ C7
Y~/ if w;~2n/3,|0;|<¢ €7
1/3ne if |w;|<e
HE ’ ! C8
lar-e= 1 oms. it w,~21/3,|d,] <e €8

where use has been made of y,/|d,|~|®,|/eIne~" < 1. Therefore (4.24)
leads to

1/9n%e?, if |w;]<¢

1/9%n* | &,|%, if w;~2n/3,|d;)<¢ (©9)

i

5=

which leads to (5.12).

APPENDIX D. DERIVATION OF (5.18)

At f=4,, this discrete dynamical system is isomorphic to a Markov
subshift among (3n + 2) states. Then the mean recurrence time of the subin-

terval I, , equals the inverse of the probability of I3, ,;"®

Tper = 1 /j P*(x) dx (D1)
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Using (4.4), (4.9), and (2.4), we obtain

P*(x)dx =A(B — 1)¥/3 (D2)

3042

Therefore,

Tper =3/AB— 1) =3n+2+[3/(—1)] (D3)

Inserting (2.6) into (D3) leads to (5.18).
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